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Abstract
The natural broadening of hydrogen atom spectrum based on the minimal length uncertainty is calculated. We will show that the natural
broadening of hydrogen atom spectrum receives any correction.
© 2007 Elsevier B.V.
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Open access under CC BY license.In the recent years, probing the physical phenomena by min-
imal length uncertainty has received much attention [1–7,15].
An interesting application for minimal length uncertainty is cor-
rection to the hydrogen atom spectrum [9–14] and splitting of
degenerate energy levels. In this Letter we compute the natural
broadening of hydrogen atom spectrum based on the minimal
length uncertainty. An exiting quantum mechanical implication
of the microphysics space is a modification of the uncertainty
principle as,
(1)Δx  h¯
Δp
+ α′ Δp
h¯
,
where α′ is Planck length. In this Letter, we compute the correc-
tion to the natural broadening of hydrogen atom spectrum. First
consider a two level hydrogen atom undergoing the radiation
and non-radiation processes. The emission and absorption from
the radiation field and collision processes states j and i (upper
and lower energy levels, respectively) have the finite lifetimes.
This gives rise to uncertainty in the energies of both states. Us-
ing relation (1), it is easy to obtain a similar relation between
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Open access under CC BY license.time and energy. Division of both sides of relation (1) to c (light
velocity) resulted in Eq. (2) [8]
(2)Δt  h¯
ΔE
+ t ′ ΔE
h¯
,
where t ′ is the Planck time. We use the natural units α′, c, h¯ = 1.
However, we restore occasionally t ′ in important formulae (2)
for the sake of clarity. Therefore the uncertainty in the time is
(3)Δt  1
ΔE
+ t ′ΔE.
Because emitted or absorbed photons by hydrogen atom
have frequencies ν = |Ej − Ei |/h, uncertainty in the energies
of the two states give rise to frequency distribution of photons.
The upper state lifetime τj is determined by radiative processes
(spontaneous and stimulated emission) and collision deactiva-
tion. In fact, the excited state lifetime is reciprocal of the sum
of the rate constants for deactivation as follows
(4)τj = (Aji + BjiUν + kj )−1.
Radiation processes are containing absorption BijUν , spon-
taneous emission Aji and stimulated emission BjiUν . Non-
radiation processes are containing collision excitation ki and
collision de-excitation kj . The radiation field has energy den-
sity Uν and frequency νij .
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with high-power laser, as (Aji +kj )  BjiUν we could neglect
the stimulated emission, so relation (4) becomes
(5)τj = (Aji + kj )−1.
The finite upper state lifetime leads to an uncertainty in its en-
ergy ΔEj as
(6)τj = 1
ΔEj
+ t ′ΔEj ,
where τj is substituted for Δt in the modified uncertainty rela-
tionship. Inverting Eq. (6) one obtains
(7)t ′ΔE2j − τjΔEj + 1 = 0.
From Eq. (7) we obtain the lower bound on the energy as
(8)ΔEj ≈ 1
τj
±
√
1 − 4t ′τ 2j
τ 2j
.
Comparing Eq. (5) with Eq. (8), we obtain the relation between
Aji and kj with the energy of the upper state
(9)ΔEj = (Aji + kj ) ± (Aji + kj )2
√
1 − 4t ′/(Aji + kj )2.
The lower state lifetime τi is determined by the rate of absorp-
tion and collision excitation as
(10)τi = (BijUν + ki)−1.
The finite lower-state lifetime leads to an uncertainty in its en-
ergy ΔEi as
ΔEi = (BijUν + ki)
(11)± (BijUν + ki)2
√
1 − 4t ′/(BijUν + ki)2.
The total uncertainty in the frequency is due to the lifetime ef-
fects as
(12)Δνl = ΔEj + ΔEi
h
.
When more than two levels are involved, additional collision,
radiative excitation and deactivated processes must be consid-
ered. If the lower level is not the ground level, coupling to lower
level also must be considered. In this case the expressions above
include a summation of A coefficients (Einstein coefficients).
Two level systems must be closely approximated by the lowest-
energy resonance line of a hydrogen atom. Let we consider the
presence of a third level for resonance lines, the lifetime of the
lower level could be considered very long compared to the ex-
cited state lifetime. So in Eq. (12) ΔEj  ΔEi . In this case
Eq. (12) simplifies to
(13)Δνl = (Aji + kj )2π ±
(Aji + kj )2
2π
√
1 − 4t ′/(Aji + kj )2.Although Aji is expected to be of higher order than kj term,
we keep it in the right-hand side of Eq. (13). We obtain Δνl as
(14)Δνl = (Aji)2π ±
(Aji)
2
2π
√
1 − 4t ′/(Aji)2.
Eq. (14) is called the natural line width. The natural or radiative
lifetime τr is defined by
(15)τr ∝ Aji.
The broadening due to the radiative lifetime is called the natural
broadening
(16)ΔνN = (Aji)2π
(
1 ± Aji
√
1 − 4t ′/(Aji)2
)
.
Eq. (16) shows the natural broadening of hydrogen atom spec-
trum based on the minimal length uncertainty.
Comparing (16) with the noncorrected natural broadening
ΔνN = Aji2π , it is easy to see the new term that shows the effects
of the minimal length uncertainty as
(17)± (Aji)
2π
(
Aji
√
1 − 4t ′/(Aji)2
)
.
Summary
In this Letter, we examined the effects of the minimal length
uncertainty principle to the natural broadening of hydrogen
atom spectrum. Natural broadening of spectral line is an effect
of uncertainty principle. The generalized form of uncertainty
principle is given by Eq. (1) and a similar relation between
time–energy pair is given by Eq. (2). Using the minimal length
uncertainty principle, we obtained the correction to the natural
broadening of spectral lines of hydrogen atom.
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